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Abstract

An analytical solution is found for the master equation of a system described
by a nonlinear Jaynes—Cummings model, in the presence of nonlinear quantum
dissipation at zero temperature in the large detuning approximation. We study
the influence of nonlinear quantum dissipation on the output entanglement
dynamics of the atom-field system, considering the field to be initially in
SU(1, 1) coherent states. It is found that in the presence of the nonlinear
quantum dissipation, the amplitude of the output entanglement between the
field and the atom decreases with time, however the entanglement between the
field—atom system and the environment increases with time.

PACS number: 03.65.Ud

(Some figures in this article are in colour only in the electronic version)

1. Introduction

Entanglement is the distinguishing key feature of quantum mechanics setting it apart from
classical physics. A quantum state of a composite system, consisting of two or more
subsystems, is entangled if it cannot be factorized into a direct product of the states of the
subsystems. Entangled states are useful in quantum information processing such as quantum
teleportation [1], quantum key distribution [2] and superdense coding [3]. Studying quantum
information theory using entangled coherent states has recently received much attention [4-8].
The coherent states of the SU(2) and the SU (1, 1) algebras were studied [9] and generalized
coherent states for SU (n) were considered [10]. Also matrix elements of generalized coherent
operators based on Lie algebras SU (1, 1) and SU (2) were determined [11]. These states are
interesting by themselves, moreover, they have very interesting applications. However, there
are two commonly considered coherent states for SU(1, 1). One SU(1, 1) coherent state
is the analogue of the harmonic oscillator coherent state achieved by displacing the vacuum
state. The analogous SU (1, 1) coherent state is obtained via an SU (1, 1) transformation of
lowest weight state. This SU (1, 1) coherent state is a member of Perelomov’s category of a
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generalized coherent state, and we refer to this state as a Perelomov SU (1, 1) coherent state
[12, 13]. The second SU (1, 1) coherent state, introduced by Barut and Girardello [14], is
the analogue of the harmonic oscillator coherent state being an eigenstate of the annihilation
operator. The purpose of the present work is to study entanglement induced by SU (1, 1)
coherent states with nonlinear dissipation interacting with a two-level atom in the dispersive
limit.

One of the generalizations of the Jaynes—Cummings (JC) model is the intensity-dependent
Jaynes—Cummings (IDJC) model [15]. Because of the commensurability of the Rabi
frequencies, which arises from such a coupling, this model presents absolutely periodic
revivals, contrary to what happens in the ordinary JC model. Moreover, the state vector
representing the evolution of the system is periodic itself. This means that there will be
periodic evolution for any expectation value. What has not been acknowledged is that this
behaviour leads to such an enhancement of certain effects that would otherwise be difficult to
note within the realm of the original JC model. Because of this enhancement, it is possible to
have the generation of well-defined Schrodinger cat-like states during the evolution of the field
in the IDJC model, as has been already discussed [16]. A nonlinear IDJC model has received
much attention in view of its connection with quantum algebras [17]. The quantum algebras,
introduced as a mathematical description of deformed Lie algebras, have given the possibility
of generalizing the notion of creation and annihilation operators of the usual quantum oscillator
and to introduce the deformed oscillator.

Over the last two decades much attention has focused on the properties of the dissipative
variants of the usual (non-deformed) JC model. The dissipative effects caused by the energy
exchange between the system and the environment have been studied both analytically [18]
and numerically [19]. In the last few years the JC model with phase damping (which occurs
when there is no energy exchange between the system and the environment) has also been
studied intensively and applied to decoherence and entanglement [20-22]. Furthermore, with
the experimental realization of the two-photon micromaser [23] the dissipative two-photon JC
model has attracted a great deal of attention. All of the above-cited studies have shown that
the dissipation effects markedly change the dynamical behaviour of the atom-field system.
We study the system in which an atom is coupled with the field via the interaction governed
by a nonlinear JC model by making use of the dynamical algebraical method [24] and find the
exact solution of the master equation for the system with phase decoherence.

In this paper, we investigate the entanglement properties of the SU (1, 1)-related coherent
field interacting with an atom in the dispersive approximation with nonlinear dissipation, and
examine the influence of the initial states on entanglement.

2. The physical model and its analytic solution with Lie algebra

First, we consider a single-mode field interacting with an effective two-level atom with
an intensity-dependent coupling without considering the influence of the dissipation. The
Hamiltonian of the system under the rotating wave approximation is

A = lhoo, +hoa'a + ghlavatale) (g| + Vataa'|g) (ell, (1)

where w is the frequency of the cavity field; w, is the transition frequency between the excited
and ground states of the atom; @ and &' are the annihilation and the creation operators of the
cavity field respectively; g is the atom—field coupling constant; &, is the population inversion
operator; and &,, 6_ are the Pauli raising and lowering operators respectively, with the detuning
parameter A = w, —», which measures how far from resonance the two subsystems are. Such
a generalization is of considerable interest because of its relevance to the study of the nonlinear
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coupling between a single atom and the radiation field whereas the atom makes single-photon
transitions [15, 16]. It is also worth mentioning that generalized JC models have become the
subject of intense attention [25-28]. These considerations support the theoretical interest in
the IDJC model since this kind of interaction effectively means that the coupling constant
is proportional to the intensity of the cavity field, which represents a very simple case of
a nonlinear interaction corresponding to a more realistic physical situation. Moreover, the
IDJC model is of considerable interest because of its relevance to the study of the intensity-
dependent interaction between a single atom and the radiation field in quantum optics [15] as
well as the study of the quantized motion of a single ion in an anharmonic-oscillator potential
trap [29]. Physically, this model may be realized as if the cavity contains two different species
of Rydberg atoms, one of which behaves like a two-level atom and the other behaves like an
anharmonic oscillator in the single-mode field of frequency w [30].

In the large detuning approximation, we have % > (n+ 1) for any ‘relevant’ photon
number n, which means that the atom is in a cavity whose single-frequency photons are far
from resonance. We can obtain an effective interaction Hamiltonian in the dispersive limit in
the following form [31-35]:

A A Wo A At
Her = hod'a + EXeh Al(@a"y*le) (el — (@'a)*|g) (gll, 2)

where A = ng. This Hamiltonian is nonlinear in the atomic space and, as was shown earlier
[36]. It leads to a number of collective effects such as the atomic Schrodinger cat generation
and atomic squeezing, and also it describes the dispersive evolution of the field. Recently,
the dispersive limit of the JC model was studied [37, 38] in order to find relations between
the entanglement of the atomic and field degrees of freedom and the decoherence caused by
coupling the field mode to a zero-temperature reservoir (with linear quantum dissipation).

The SU(1, 1) Lie algebra for the single-mode field may be realized by introducing the
operators K, K_ and K defined by the relations

Kk, = vataa', k_=avaia, Ko=a'a+1. 3)
These three operators form a closed-SU (1, 1) Lie algebra, which is defined by the commutation
relations [12]:

[K_.K.]=2K, [Ko. K] = +K.. (4)

In terms of the SU (1, 1) generators, we may rewrite the Hamiltonian in (2) as
N A 1 w PN A oa N N
Her = @ <K0 - 5) + 7002 +M(K_K,|e){e| — K. K_|g)(g]) = Ho+ H, (%)

where Hj describes the free subsystems and I:Iéff the interaction between them.

2.1. The master equation and its analytic solution

The damping is important, however, because realistic cavities have finite Q and measuring
processes will cause photons to leak. However, a quantum system used in quantum information
processing inevitably interacts with the surrounding environments (or the thermal reservoirs),
which take the pure state of the quantum system into a mixed state. Thus, analysing the
entanglement decay induced by the unavoidable interaction of the interested systems with the
environment is an important subject. Recently, a master equation for the harmonic oscillator
in the presence of nonlinear quantum dissipation has been derived [39], for the case of an
interaction of the oscillator with its environment. If the bath is at zero temperature, the master
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equation for nonlinear quantum dissipation in the interaction picture has the following form
under the Born—-Markov approximation [40]:

’;i) =yQaf@'apf@ay’ —aaf*@ap — pa'afi@a)). (©6)

If we take f(a'a) = +/ata, the evolution of the compound atom—field system in a dispersive

nonlinear JC model and in the presence of the nonlinear dissipation at zero temperature can

be written in the interaction picture with the operators K., K_ and K as

v _
ot

—i[Hly, p1+yQK_pKk, — K. K_p— pK.K_)

= —in(K_K.le)(elo — K. K_1g)(glp — pK_Kile)(el + pK. K _|g)(g])
+y(Q2K_pK, — K,K_p— pK.K_). (M
The master equation can be solved by applying the superoperator method proposed in [33].

By applying the dynamical symmetry method proposed in [41], the solution of the master
equation

9% _ (L+ D)o (8)
5 = 0,

where
(L, J16=NJo, [N,L1=0 9)

can be given in the form

o) = el =7 p(0), (10)

where L, J and N are the superoperators which satisfy the commutations relations (9).
Therefore, the solution of the master equation (7) for any initial state p(0) is given by

el e<%>f Pl el ™55 (0)
p1) = v : (1)
et 55 p0) et e 5 (0)
where
Leep = —ek.k_p—e*pK K- —i20(Kop — pKo),
Logp = —€*K K _p—epK,K_,
Legh = —€k K _p—epK,K_—i20K,p,
Loep = —€*K K_p — " pK,K_+120pK,, (12)
Jp=2yK_pKk,, Np=Tp+pIt,
Rp =@ +i20)p + pT,
€ = (y +iA), F:2€k
It is easy to show that the superoperators of (12) ob e commutation relations
[Lee: J1p = NJp, [ng {]f) = N J 13
[Leg. J1p = RIp,  [Lye, J1p = R*J.
Also the following commutators apply:
[Lee, N1=0, [Lyg, N*1=0, [Leg, R1=0, [Lge, R*1=0. (14)

We apply the time-dependent analytical solution for the matrix elements for any initial cavity
field and use it to calculate the time evolution properties of coherence and entanglement in the
IDJC model in the dispersive approximation in the next section.
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3. Dynamical properties of the entanglement

In order to gain insight into the processes of entanglement, dissipation and the relation between
them, we evaluate the time evolution of any initial state for the atom and field. But here, the field
isinitially in a nonlinear coherent state, which can be classified as an algebraic generalization of
the conventional coherent state. This state is defined as the right eigenstate of the annihilation
operator K_. Actually, the SU(1, 1) group coherent states have been known for many years
under other names, such as the phase state or its generalization [42]. The physical meaning
of SU(1, 1) coherent states has been elucidated in [43, 44], where it has been shown that
such states may appear as stationary states of the centre-of-mass motion of a trapped ion
[43], or may be related to some nonlinear processes (such as a hypothetical ‘frequency blue
shift’ in high-intensity photon beams [44]). Furthermore, it has been shown that SU (1, 1)
coherent states exhibit various non-classical features such as quadrature squeezing, number-
phase squeezing and sub-Poissonian photon statistics. So, we evaluate the time evolution of
the following initial state:

[Var) = (kele) +kglg))la, k), 5)

where, as is usual in experiments [45], the atom enters the cavity in a coherent superposition
and finds there an SU (1, 1) coherent state |«, k). Where |«, k) is the SU (1, 1) coherent state.
There are two distinct SU (1, 1) coherent states to consider.

3.1. Perelomov SU(1, 1) coherent states

The Perelomov coherent state of the SU (1, 1) algebra is the result of the displacement operator
acting on the vacuum state, and is defined as [12, 13]

I'(2k
ot k) p = (1~ |ot |>"Z LOKED) i, k), (16)

TQkn!
where I'(-) is the gamma function and & is the Bargmann number; it comes from the Casimir
operator defined as 2 = K2 — —(K K_+K_K,) = k(k — 1)]. In this paper we set k = 1

and o = || ! 2) p describes a pure thermal state.

3.2. Barut-Girardello SU (1, 1) coherent states

There is another coherent state of the SU (1, 1) algebra known as the Barut—Girardello coherent
state [14]. It is defined as [46] the eigenstate of the lowering operator K_:

K_la, k)sc = ala, k)sg;

it can be expressed as [14]

| k) |a|2k71 i o | . > (17)
o, = n, s
PN b Qlal) & VT Qk + )

where I, (x) is the modified Bessel function of the first kind. For the case k = 1 , which we
consider here, |«, 2>BG describes a nonlinear coherent state which may appear as a stationary
state of the centre-of-mass motion of trapped ions [46].

The elements of the density operator in equation (11) are, initially in («.|e) +k,|g))|a, k) p
or (kele) + Kkg|g))la, k)pg, or any SU(1, 1) coherent state as; D.(0) = [Kke|?|ex, k) {a, K|,
Deg(0) = licgI*lor, k) (@, k|, Peg (0) = keoicflet, k) e, k| = (Pge(0))1.
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In order to obtain p(¢), we find the matrix elements in question and substitute them into
the expression

o]

p) = Z [|Ke|2(pm,n + X:z,n) efz:;fn(t)|e><e| + KeK;(Pm,n + Ymn) eizr"f"(t)|e><g|

m,n=0

+ koS (P + Vi) € Olg) el + kg (Pin + Xxity) €718 (g1 Im, n) (m, nl,

(18)
where
G (1) = (1) £ in™* (1), G (1) = (1) £ i (1),
w(t) = yt[m? +n* + (m +n) 2k — 1)1,
(19)
nEF (1) = At[m(m +2k £ 1) +n(n +2k F 1) + 2k],
() = at[(m — n)(m +n + 2k £ 1)),
and
oo r—1
2y) .
Xrin = Z Tpm+r,n+r 1_[ (Ar::t1+s+l,n+x+l + lB:1:+s+l,n+s+l)’
r=1 : s=0
" x(1 —e*cosy®) + yte *siny*
Am,n = ,Bm,n x2 + yﬂ 5 (20)
BE = ﬁm‘nx e sin y* —zyi(lﬁ— e~ cos yi)’
: xX“+Yy
x =2yt(m+n+2k—2), y* = 2xt(m — n), y~ =2xt(m+n+2k—1),

with B,,., = Vm(@m +2k — 1)\/n(n + 2k — 1) and p,, , is the photon-number distribution of
any SU(1, 1) coherent state (e, k) p or |o, k)pg), with the Bargmann number k = % The
function w(t), the real part of the exponential e~wm® in equation (19) embodies the effect
of the reservoir because it vanishes as y — 0. We note that the exponential is present in all
the coefficients of the density matrix; hence, the coherence properties of the field, atom and
atom—field system states are affected by the damping. By these solutions, we investigate the

dynamical properties of the dissipative nonlinear JC model.

3.3. Various measures of entanglement

There are different measures that have been used to quantify entanglement and correlation. The
interaction between the system and its environment makes the system evolve from a pure state
to a mixed state and leads to the decay of off-diagonal elements of the density operator, which
means decoherence. The mixedness of the mixed state can be measured in terms of the linear
entropy [37] or the total entropy S [22, 47]. The latter has a natural significance stemming from
its connections with statistical physics and information theory [48]. An advantage of using
the linear entropy instead of the total entropy is in the simplification of calculations, without
changing the qualitative physical conclusions. In our work here, we use the total entropy S
of the quantum-mechanical system described by the density operator p, which quantifies the
entanglement between the field—atom system and the environment. It is defined as

S=—Tr{plnp). 1)

This entropy is computed by using numerical computations. There are other measures to
quantify the temporal evolution of the entanglement (purity) between the states of the field or
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the atom. The purity of the state of the field is investigated by using the entropy of the marginal
density matrix of the field Sp = — Tr{prInpr} = — > 0; A7 In(A]). Here the eigenvalues
A of the reduced field density matrix pr(¢) are computed by using numerical calculations.
The reduced atom density operator p4(t) = Tra{p(#)} is given by pa(t) = Trr{p(¢)}, and
then the eigenvalues Af , for p(t) are

i~ 2

2
A, = % j:% [Z (pf —,oﬁ-g):| +4

(22)

1

o0
eg
E , Dii
i

So, the purity of the state of the atom is quantified by the atomic entropy, Sx =
—)\f In (A‘f) — A? In (kf). If S4(Sr) = 0, then the states are separable states.

To quantify the amount of entanglement (quantum correlation) of the final state (18), we
use the concept of the negativity [49] defined by

"I =1
==
where p7 is the matrix obtained by partially transposing the density matrix p, and ||p7| is
the trace class norm of the operator p”. The trace class norm of any trace class operator M
is defined by || M| = Tr~ M7 M [50], which reduces to the sum of the absolute value of the
eigenvalues of M , when M is Hermitian. Therefore,

eI =Y A =23 Ay =1-23 "4y, 24)
k k k

where A, and A} are, respectively, the eigenvalues and the negative eigenvalues of p” and we
used also the fact that Tr(p”) = Tr(p) = 1. When Ey = 0, the final state (18) is separable.
Vidal and Werner [49] proved that the negativity Eyis an entanglement monotone and therefore
it is a good measure of entanglement.

We shall consider another entropy functional to probe the amount of total correlations
by using the mutual entropy or the entropy difference, Ep = %(SA + S — S) [51]. The
mutual entropy is non-negative, and is zero if and only if the marginal states are not correlated.
It is a measure of both quantum and classical correlation (total correlations) residing in the
composite system.

The entanglement between the atom and the field, as well as the decoherence induced by
the cavity of the dispersive IDJC model, was studied in [37]. It has been shown that, in the
dispersive IDJC model, only the coherence of the atom is influenced by the cavity, though the
atom does not couple to the cavity directly. The coherence of the field remains unchanged
by the environment. However, in the nonlinear JC model considered here, the field is also
affected by the cavity and its coherence will be lost due to the nonlinear dissipation.

In figures 1(a) and (¢) and 2(a) and (c), we display the influence of the nonlinear dissipation
on the temporal evolution of the total entropy S, the field entropy Sr and the entropy of the atom
S4 as functions of the scaled time Az for two different SU (1, 1) coherent states. The presence
of the local maxima and minima in the temporal evolution of S4 and Sris due to the field and the
atom loss and gain of their coherence. Because of the reservoir effect, we find that oscillations
and amplitudes of both the field and the atom entropies damp and change with time. If we
follow the curve of atomic entropy, we find that for any (however small) decay parameter
y, the atomic subsystem goes, asymptotically, to a completely mixed state with maximal
possible entropy. Whereas the entropy of the field mode, with nonlinear dissipation, splits up
from the atomic entropy and the amplitudes of the local maxima and minima decrease with
time. The function 1 (¢) on the exponential e~*»(") in equation (19) controls the coherence
loss of the field. The real part of the exponential is always nonpositive; hence, it decreases

En (23)
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Figure 1. Time evolutions of S (dot curve), S4 (dash curve) and Sr (solid curve) as shown in (a)
and (c) and the time evolution of Ey (f) (solid curve) in comparison to Ep(¢) (dashed curve) as
shown in (b) and (d), for different values of % = 0.01 (a, b), % = 0.1 (¢, d) with |a|?> = 0.8 for

the Perelomov SU(1, 1) coherent state, with k, = kg = %

with time. With larger y, the field finally goes into a mixed state and its coherence is lost
completely. One finds that for larger y, the amplitudes are quickly suppressed; S, S and
Sa reach their minimum, maximum values and asymptotic values rapidly (see figures 1(c)
and 2(c)).

Since the partial entropies for the atom and the field are no longer equal, they cannot be
used as measures for entanglement between the atom and the field. Therefore, we use the
negativity and the mutual entropy as anagrammatic measures to quantify the entanglement
between the atom and the field. Figures 1(b) and (d) and 2(b) and (d) show the time development
of the negativity and the mutual entropy for |«, k) p and |o, k)gg. Comparing Ey and Ep in
these figures we find complete agreement in the trend between the two measures as long as we
deal with a pure state. The main difference between the two measures is only the difference
between the amplitudes of oscillations. In figures 1 and 2, we display the entanglement
for both |a, k)p and |a, k)gg with the same mean photon number |«|> = 0.8. From these
figures we find that the measures of entanglement with |«, k) p are more affected than those
for |a, k)pg. For example, with |«, k) p and at weak damping y = 0.01 the field entropy splits
from the atomic entropy faster than its counterpart in the case of |«, k)pg. As is observed
from figures 1 and 2, we find that the local maxima and minima occur at the same periods.
Therefore, the used measures give the same period of the entanglement. Finally, from these
figures, the values of the negativity disappear faster than its counterpart of the mutual entropy.
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Figure 2. The same as in figure 1 but for the Barut—Girardello SU (1, 1) coherent state.

This implies that the entanglement of the atom and the above field states is sensitive to the
nonlinear dissipation, and to the type of the state.

Figures 1, 2(b) and (d) show that, for a long period of time, one measure (the negativity)
may drop to zero, while the other (the mutual entropy) remains finite. The mutual information
is non-zero does not a priori mean that there is (quantum) entanglement in the system,
since it can be entirely due to classical correlations. This is because the mutual entropy is
approximately equal to the classical upper bound min [S4, Sr], i.e. the bound that becomes
saturated when the two subsystems A and F are classically maximally correlated. Since
only the range between classical and quantum upper bounds corresponds to pure quantum
entanglement [52], it appears that for large values of y, the mutual entropy evaluation of the
system shows that the system is more classically correlated than quantum correlated.

It is worth noting that the output correlation between the system and the environment
S with nonlinear dissipation grows with time to its maximum value (which oversteps the
atomic entropy S4) and decreases to a steady curve which tends to the steady curve of
the atomic entropy. This means that the system environment loses purity with nonlinear
dissipation and falls into a statistically mixed state. These results differ from their counterpart
with linear dissipation [37], in which S increases monotonically and it reaches directly to
(without overstepping Su) the steady curve of the atomic entropy, which means that the system
environment falls into a statistically mixed state without partial gain of purity.

4. Conclusions

The master equation in the dispersive limit and the nonlinear dissipation for an initial field
obeying the SU (1, 1) Lie algebra is solved. Considering the field to be initially in SU(1, 1)
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coherent states, it is found that in the presence of nonlinear quantum dissipation, the amplitude
of the entanglement between the field and the atom decreases with time, and the entanglement
between the cavity mode-atom system and the environment grows with time. From comparing
Ey and Ep, a complete agreement in the trend between the negativity and the quantum mutual
entropy is noted. But for long times, one measure (the negativity) may drop to zero, while
the other (the mutual entropy) remains finite. It is worth noting that one of the pioneering
experimental works on the JC-like dynamics in the context of trapped ions was reported
in [53]. They observed the Rabi oscillations among two hyperfine levels of a *Be* ion by
measuring the probability of finding the ion in its lower electronic level. Results of this paper
may be relevant to such experiments. In order to gain insight into processes of entanglement,
dissipation and the relation between them, we need to evaluate the time evolution of any initial
states for an atom and the field, where the solution which is introduced by the SU (1, 1) algebra
will allow this.
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